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Let π : X → Y be a surjective continuous map between Tychonoff spaces. The map π
induces, by composition, an injective morphism C(Y ) → C(X) between the corresponding
rings of real-valued continuous functions, and this morphism allows us to consider C(Y )
as a subring of C(X). This paper deals with ﬁniteness properties of the ring extension
C(Y ) ⊆ C(X) in relation to topological properties of the map π : X → Y . The main result
says that, for X a compact subset of Rn , the extension C(Y ) ⊆ C(X) is integral if and only
if X decomposes into a ﬁnite union of closed subsets such that π is injective on each one
of them.
© 2009 Elsevier B.V. All rights reserved.
0. Introduction
Our starting point is the well-known result that states that every realcompact space X is determined by the algebra
C(X) of all real-valued continuous functions deﬁned on it, and that continuous maps between such spaces are in one-
to-one correspondence with morphisms between their algebras of continuous functions. From this equivalence it follows
that statements about topological properties of spaces and maps should have a natural translation in terms of algebraic
properties of the corresponding algebras and morphisms.
Every continuous map π : X → Y induces, by composition, a morphism between the corresponding algebras of real-
valued continuous functions
C(Y ) → C(X),
g → g ◦ π.
This morphism deﬁnes in C(X) a natural structure of C(Y )-algebra.
L. Childs has established in [3] the correspondence between ﬁnite unbranched coverings of a topological space Y and
separable C(Y )-algebras that are ﬁnitely generated projective C(Y )-modules. M.A. Mulero has proved in [8] the going-up and
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J.M. Domínguez, M.A. Mulero / Topology and its Applications 156 (2009) 2996–3001 2997going-down theorems for the morphism C(Y ) → C(X) deﬁned by an open and closed map X → Y , and she has established
in [9] the relationship between ﬁnite (branched) coverings X → Y and integral and ﬂat morphisms C(Y ) → C(X).
For simplicity, we shall always assume that π : X → Y is an onto continuous map. Therefore, the induced morphism
C(Y ) → C(X) is injective and we shall consider C(Y ) as a subring of C(X), i.e., we identify g with g ◦π , for every g ∈ C(Y ).
We have kept trying to determine the ﬁniteness properties of the extension C(Y ) ⊆ C(X) (i.e., whether it is ﬁnite,
integral, singly generated or ﬁnitely generated) in terms of the properties of the map X → Y .
For X and Y compact Hausdorff spaces, we proved in [4] that C(X) is ﬁnitely generated as C(Y )-module if and only if
the map X → Y is locally injective, and we have proved in [5] that if the extension C(Y ) ⊆ C(X) has a primitive element,
then C(X) is ﬁnitely generated as C(Y )-module and, as a consequence, the map X → Y is locally injective.
The main result in this paper says that, for X a compact subset of Rn , the extension C(Y ) ⊆ C(X) is integral if and only
if X decomposes into a ﬁnite union of closed subsets X = F1 ∪ · · · ∪ Fn such that π is injective on every Fi . We also prove
that, even in the absence of compactness, if the extension C(Y ) ⊆ C(X) is integral, then the supremum of the cardinalities
of the ﬁbres of π is ﬁnite. Finally we see that, in the presence of compactness, the integral closure of C(Y ) in C(X) shares
some properties with the rings of type C(T ).
1. Preliminaries
All the involved topological spaces will be Tychonoff spaces, but most result will require additional hypothesis. For rings
of continuous functions we basically use the same terminology as in [6]. For algebraic concepts the reader may consult [1].
Nevertheless we shall review some deﬁnitions that will be used throughout the paper.
Deﬁnitions 1.1. Let A ⊆ B be an extension of rings, and consider B with the induced structure of A-module (a · b := ab).
Then B is said to be an A-algebra.
The extension A ⊆ B is ﬁnite, and B is a ﬁnite A-algebra, if B is a ﬁnitely generated A-module, i.e., if there exists a ﬁnite
set of elements b1, . . . ,bn ∈ B such that every element of B is a linear combination of b1, . . . ,bn with coeﬃcients in A, i.e.,
B = A · b1 + · · · + A · bn .
An element b ∈ B is integral over A if there exists a monic polynomial P (t) ∈ A[t] such that P (b) = 0. Of course we say
that P (t) is a monic polynomial if its leading coeﬃcient is a unit of A.
The extension is integral, and B is an integral A-algebra, if every element of B is integral over A.
The extension is of ﬁnite type, and B is a ﬁnitely generated A-algebra, if there exists a ﬁnite set of elements b1, . . . ,bn ∈ B
such that every element of B can be written as a polynomial in b1, . . . ,bn with coeﬃcients in A, i.e., B = A[b1, . . . ,bn].
The extension is singly generated, and B is a singly generated A-algebra, if there exists an element b ∈ B such that B = A[b].
In that case we say that b is a primitive element.
Recall that a ring extension is ﬁnite if and only if it is of ﬁnite type and integral.
The zero-set of a function f ∈ C(X) is the set Z( f ) = {x ∈ X: f (x) = 0}.
2. Properties of the map π : X → Y when the extension C(Y ) ⊆ C(X) is integral
Let π : X → Y be a surjective continuous map between compact Hausdorff spaces, and assume that the induced exten-
sion C(Y ) ⊆ C(X) is integral. Every ﬁber π−1(y) is a compact subset of X . Thus, every continuous function on π−1(y) can
be continuously extended to the whole X . This implies that the extension R = C({y}) ⊆ C(π−1(y)) is also integral. Every
function f ∈ C(π−1(y)) is a root of a polynomial with real coeﬃcients, and so f (π−1(y)) is ﬁnite. It is not diﬃcult to
conclude that every ﬁber π−1(y) is ﬁnite.
One can arrive at the same conclusion if one replaces the compactness hypothesis on the spaces by the assumption that
π is a proper map (see [9, 5.4]).
Mulero has also proved in [9, 5.4] that if π : X → Y is a continuous map between realcompact spaces, and the induced
morphism C(Y ) → C(X) is integral, then π is a proper map and hence all the ﬁbers of π are ﬁnite.
In [9, 5.5] Mulero has even gone a step further by proving that if π : X → Y is a ﬁnite covering and the induced
morphism C(Y ) → C(X) is integral, then the supremum of the cardinalities of the ﬁbers of π is ﬁnite. We are to generalize
this result.
The next lemma is taken from [7]. We knew about it from [2].
Lemma 2.1 (Mrówka). For any Tychonoff space T and any countable subset D ⊆ T , there is a function in C(T ) that is injective on D.
Theorem 2.2. Let π : X → Y be an onto continuous map between Tychonoff spaces, and assume that the extension C(Y ) ⊆ C(X) is
integral. Then there exists k ∈ N such that |π−1(y)| k, for all y ∈ Y .
Proof. Suppose, on the contrary, that there exists a sequence (yn) ∈ Y such that |π−1(yn)| n, for any n ∈ N. Let Dn be a
subset of π−1(yn) with exactly n points. Hence D :=⋃∞n=1 Dn is a countable subset of X . By the preceding lemma, there is
a function f ∈ C(X) that is injective on D . Since f is integral over C(Y ), then f m + (g1 ◦ π) f m−1 + · · · + (gm ◦ π) = 0, for
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gm(y) ∈ R[t]. Therefore, | f (Dn)|m, and so |Dn|m for any n ∈ N. This is a contradiction. 
Later we shall prove that, in the presence of compactness, if Y has only ﬁnitely many accumulation points, then the
converse does hold. At the end of the paper we shall see that, even in the presence of compactness, the full converse does
not hold.
Theorem 2.3. If both X and Y are realcompact spaces and the extension C(Y ) ⊆ C(X) is integral, then the continuous extension of π
to the Stone–Cˇech compactiﬁcations βπ : βX → βY sends βX − X onto βY − Y and so π : X → Y is a closed map.
Proof. Mimic the argument in [4, 5.3]. 
3. Assuring that the extension C(Y ) ⊆ C(X) is integral
Lemma 3.1. Let π : X → Y be a closed continuous map from a Tychonoff space X onto a normal space Y . If X decomposes into a ﬁnite
union of closed subsets X = F1 ∪ · · · ∪ Fn such that π is injective on every Fi , then the extension C(Y ) ⊆ C(X) is integral.
Proof. For f ∈ C(X), let f i be the restriction of f to Fi , and let πi : Fi → π(Fi) denote the restriction of π to Fi . Note that
πi is a closed and bijective continuous map and hence a homeomorphism. Since Y is a normal space and π(Fi) is a closed
subset, then the function f i ◦ π−1i ∈ C(π(Fi)) has a continuous extension gi to the whole space Y .
Finally,
( f − g1 ◦ π) · · · ( f − gn ◦ π) = 0,
and so f satisﬁes a monic polynomial with coeﬃcients in C(Y ). 
Example 3.2. Let π : X = R → Y = π(R) ⊆ R be a polynomial map, that is,
π(x) = a0xn + a1xn−1 + · · · + an, ai ∈ R.
Since X decomposes into a ﬁnite union of closed subsets such that π is injective on each one of them, then the extension
C(Y ) ⊆ C(X) is integral.
Corollary 3.3. Let π : X → Y be an unbranched covering of compact Hausdorff spaces. Then the extension C(Y ) ⊆ C(X) is integral.
Proof. This result is a particular case of [9, 2.8], but the argument here is easier: Since π : X → Y is a local homeomorphism,
for every x ∈ X , there is an open neighborhood Sx of x such that π is in injective on Sx . Now take a closed subset Fx and an
open subset Vx such that x ∈ Vx ⊆ Fx ⊆ Sx . The open sets Vx cover X . By the compactness of X , there is a ﬁnite subcover
X = Vx1 ∪ · · · ∪ Vxn . The space X decomposes into a ﬁnite union of closed subsets X = Fx1 ∪ · · · ∪ Fxn such that π is injective
on each one of them. By the preceding lemma, the extension C(Y ) ⊆ C(X) is integral.
Theorem 3.4. Let π : X → Y be an onto continuous map between compact Hausdorff spaces. If the supremum of the cardinalities
of the ﬁbers of π is ﬁnite, and the space Y has only ﬁnitely many accumulation points, then the induced extension C(Y ) ⊆ C(X) is
integral.
Proof. If the space Y has no accumulation point, then both Y and X are ﬁnite spaces, and the result follows from [4, 3.3].
Let us assume that Y does have some accumulation point.
It is not diﬃcult to see that the proof can be reduced to the case when both X and Y are spaces with only one
accumulation point, x0 and y0 = π(x0), respectively. From now on we assume that situation. But note that, apart from x0,
there can be some other points in π−1(y0).
Let X ′ = (X − π−1(y0)) ∪ {x0}, which is a closed and hence compact subspace of X . Since X − X ′ is a ﬁnite open and
closed subset of X , in order to show that C(Y ) ⊆ C(X) is an integral extension, it is enough to prove that so is the extension
C(Y ) ⊆ C(X ′) induced by π |X ′ . Therefore, we may also assume that π−1(y0) = {x0}.
Let n be an upper bound for the cardinalities of the ﬁbres of π , and set Yk = {y ∈ Y : |π−1(y)| = k} ∪ {y0} and Xk =
π−1(Yk), for k = 1, . . . ,n. Every Yk is a closed subspace of Y , and π : Xk → Yk is an onto continuous map between compact
Hausdorff spaces. Note that all the ﬁbers of π : Xk → Yk , but π−1(y0), have exactly k points. Every Xk decomposes into a
ﬁnite union of closed subsets such that π is injective on each one of then. According to Lemma 3.1, C(Yk) ⊆ C(Xk) is an
integral extension.
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C(X) ⊆ C(X1) × · · · × C(Xn). 
Let us now remember a key result from [5], which shall be used immediately:
Theorem 3.5. ([5, 2.3]) Let π : X → Y be a surjective continuous map between Tychonoff spaces. A function f ∈ C(X) is integral over
C(Y ) if and only if there exist functions h1, . . . ,hn ∈ C(Y ) such that
( f − h1 ◦ π) · · · ( f − hn ◦ π) = 0.
Theorem 3.6. Let π : X → Y be a surjective continuous map between compact Hausdorff spaces. Assume there exist functions
f1, . . . , fn ∈ C(X) that are integral over C(Y ) and such that C(Y )[ f1, . . . , fn] separates points in X. Then the space X decomposes
into a ﬁnite union of closed subsets such that π is injective on each one of them, and so the extension C(Y ) ⊆ C(X) is integral.
Proof. According to the preceding theorem, for every 1  i  n, there exist functions hi1, . . . ,himi ∈ C(Y ) such that∏mi
j=1( f i − hij ◦ π) = 0, and so X =
⋃mi
j=1 Z( f i − hij ◦ π). Since f1, . . . , fn separate points in each ﬁber of π , then the
map π is injective on each closed subset
F j1... jn = Z( f1 − h1 j1 ◦ π) ∩ · · · ∩ Z( fn − hnjn ◦ π),
and
X =
⋃
{F j1... jn : 1 i  n, 1 ji mi}.
By Lemma 3.1, the extension C(Y ) ⊆ C(X) is integral. 
Corollary 3.7. Let π : X → Y be a surjective continuous map between compact Hausdorff spaces. If there exists a function in C(X)
that is integral over C(Y ) and injective on each ﬁber of π , then the extension C(Y ) ⊆ C(X) is integral.
Theorem 3.8. Let π : X → Y be a surjective continuous map between compact Hausdorff spaces, and assume that X is a subspace
of Rn. The extension C(Y ) ⊆ C(X) is integral if and only if X decomposes into a ﬁnite union of closed subsets X = F1 ∪ · · · ∪ Fn such
that π is injective on every Fi .
Proof. Let f i denote the restriction to X of the ith coordinate projection Rn → R. If the extension C(Y ) ⊆ C(X) is integral,
then the functions f1, . . . , fn are integral over C(Y ) and certainly C(Y )[ f1, . . . , fn] separates points in X , now we apply
Theorem 3.6 to get the desired decomposition of X . The converse follows from Lemma 3.1. 
The preceding theorem can be applied when the space X is a compact Hausdorff manifold, since in that case X can be
embedded in Rn for some positive integer n.
Remark 3.9. The compactness hypothesis in Theorems 3.6 and 3.8, as well as in Corollary 3.7 can be weakened. It is only
necessary to assume, as in Lemma 3.1, that π : X → Y is a closed continuous map from a Tychonoff space X onto a normal
space Y . Of course we must also assume in Theorem 3.8 that X ⊆ Rn .
Remark 3.10. Let π : X → Y be a surjective continuous map between compact Hausdorff spaces. We have proved in [5]
that if the extension C(Y ) ⊆ C(X) has a primitive element, then it is a ﬁnite extension. We do not know if every ﬁnitely
generated extension C(Y ) ⊆ C(X) = C(Y )[ f1, . . . , fn] is ﬁnite, we do not even know the answer for the case n = 2.
4. The integral closure of C(Y ) in C(X)
Deﬁnition 4.1. Let π : X → Y be a surjective continuous map between compact Hausdorff spaces. We shall denote by A the
integral closure of C(Y ) in C(X), that is, A is the set of those elements of C(X) that are integral over C(Y ).
Certainly A is a subring of C(X) [1, 5.3]. Although we cannot assure that A is isomorphic to some ring C(T ), we shall
see that it shares some of its properties.
For a ﬁnite set F = { f1, . . . , fn} ⊆ C(X), we shall consider in X the equivalence relation R induced by C(Y ) ∪ F , i.e.,
x1Rx2 ⇔ l(x1) = l(x2) for every l ∈ C(Y ) ∪ F .
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have a diagram
X
π1−−−−→ Y F
π
⏐⏐ ∥∥∥
Y
π2←−−−− Y F
where π2 : Y F → Y is the only (continuous) map that makes it commutative.
Certainly F ⊆ C(Y F ), and F separates points in each ﬁber of π2, therefore C(Y )[ f1, . . . , fn] separates points in Y F .
If F = { f } we shall write Y f instead of Y{ f } .
Theorem 4.2. Let π : X → Y be a surjective continuous map between compact Hausdorff spaces. The integral closure A of C(Y ) in
C(X) has the following properties:
(a) A =⋃{C(Y F ): F is a ﬁnite subset of A}.
(b) A is closed under (ﬁnite) composition, i.e., if g ∈ C(Rn) and f1, . . . , fn ∈ A, then the composition g ◦ ( f1, . . . , fn) is in A, for any
n ∈ N.
(c) A is a sublattice of C(X).
(d) A is closed under inversion in C(X), i.e., if f ∈ A and Z( f ) = ∅, then 1/ f ∈ A.
Proof.
(a) For f ∈ A, think of f as a function on Y f . Then f ∈ C(Y f ), and so A ⊆⋃{C(Y F ): F is a ﬁnite subset of A}. To prove
the converse inclusion, let F = { f1, . . . , fn} ⊆ A. The functions f1, . . . , fn belong to C(Y F ) and are integral over C(Y ).
Moreover, C(Y )[ f1, . . . , fn] separates points in Y F . According to Theorem 3.6, C(Y F ) is integral over C(Y ), that is,
C(Y F ) ⊆ A.
(b) Let g ∈ C(Rn) and take F = { f1, . . . , fn} ⊆ A. Think of f1, . . . , fn as functions on Y F . Certainly g ◦ ( f1, . . . , fn) is in
C(Y F ), and we already know that C(Y F ) ⊆ A, hence g ◦ ( f1, . . . , fn) ∈ A.
(c) Since A is a subring of C(X), to show that A is also a sublattice, it only rest to see that | f | ∈ A whenever f ∈ A. This
follows from (b), since | f | is the composition of f with the absolute value function R → R.
(d) Let f ∈ A such that Z( f ) = ∅. Think of f as a function on Y f . Since f is integral over C(Y ) and injective on each ﬁber
of π2, it follows from Corollary 3.7 that the extension C(Y ) ⊆ C(Y f ) is integral, and certainly 1/ f ∈ C(Y f ) ⊆ A. 
5. Counterexample
We have proved in Theorem 2.2 that if C(Y ) ⊆ C(X) is an integral extension, then there is an upper bound for the
cardinalities of the ﬁbers of π . Next we shall exhibit an onto continuous map π : X → Y between compact Hausdorff
spaces such that the extension C(Y ) ⊆ C(X) is not integral although |π−1(y)| 2 for every y ∈ Y .
Example 5.1. C will be the Cantor ternary set and π : C→ I = [0,1] will be the map deﬁned by
π
( ∞∑
n=1
an
(
1
3
)n)
=
∞∑
n=1
an
2
(
1
2
)n
, an ∈ {0,2}.
It is well known that π is an onto continuous map that identiﬁes contiguous extremities of C.
Assume that C(C) is integral over C(I). According to Theorem 3.8, the space C decomposes into a ﬁnite union of closed
subsets C= F1 ∪ · · · ∪ Fn such that π is injective on every Fi . We may assume that F1  F2 ∪ · · · ∪ Fn . Take x ∈ F1 such that
x /∈⋃ni=2 Fi = F . Since F is a closed subset of C, there exists a neighborhood V of x that does not meet F . Hence V ⊆ F1.
Since V contains two contiguous extremities of C, the map π is not injective on V , neither on F1. This contradiction shows
that the extension C(I) ⊆ C(C) is not integral.
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